Recently, an empirically-validated one-factor model with a 3/4-power diffusion term was introduced in the literature to model oil prices and value futures contracts on oil. In this paper, we provide an exact and analytic approximation for European call option prices on futures under a 3/4-power futures model. The analytic approximation, valid for short times to expiry is then calibrated to market prices. Results from the calibration show that the analytic approximation formula outperforms current popular options on futures formulae in capturing market prices. Recently, an empirically-validated one factor model with a 3/4-power diffusion term was introduced in the literature to model oil prices and value futures contracts on oil. In this paper we provide an exact and an analytic approximation for European call option prices on futures under a 3/4-power futures model. The analytic approximation, valid for short times to expiry is then calibrated to market prices. Results from the calibration show that the analytic approximation formula outperforms current popular options on futures formulae in capturing market prices.
Introduction
Oil is one of the most important of the world's commodities. In 2012, oil provided about 33.1% of the world's energy needs and in the future, oil is expected to continue to provide a leading component of the world's energy. With prices for crude oil often experiencing high levels of volatility, financial derivatives such as futures and options, have become increasingly important to financial institutions for the purposes of trading and risk management. The value of a financial derivative on oil typically depends upon the model that describes the movement of oil prices. In the paper by AbaOud & Goard (2015) , several one-factor diffusion models were investigated in their ability to describe the dynamics of oil prices. All of the models took the form dP = A(P, t)dt + B(P, t)dZ where here and in the rest of the paper, P (= P t ) denotes the price of oil at time t, A(P, t) is the drift term, B(P, t) the diffusion term and dZ is an increment in a standard Wiener process with real probability measure P. The investigation included the Geometric Brownian Motion (GBM) model used by Brennan & Schwartz (1985) , which assumes that A(P, t) = µP and B(P, t) = σP where µ and σ are constant, and the mean-reverting model used by Schwartz (1997) where A(P, t) = ηP (µ − ln(P )), B(P, t) = σP . It was found that the '3/4-model' dP = (â √ P +bP )dt +σP 3 4 dZ withb < 0 performed best in explaining the behaviour of crude oil prices. We note that the 3/4-model describes a mean-reverting process with a reversion rate dependent on the price level. This means that after a large spike, the price can potentially quickly decrease. As well, when 2â >σ 2 , with P 0 > 0 then P t can never be negative. Further, futures prices under a risk-neutral model dP = (a √ P + bP )dt + σP where the market price of risk is such that the real process has the same form as the risk-neutral process and where the Wiener process Z is replaced byZ, another Wiener process under an equivalent risk-neutral probability measure Q, performed best in fitting and forecasting futures prices on oil.
We note that as stated by Ribeiro & Hodges (2005) , reduced form models dominate the literature and practice on energy derivatives. They are especially attractive from the practitioners' perspective when they provide closed form solutions to evaluate financial derivatives, which in turn facilitate calibration and computational implementation of the models.
The aim of this paper is to provide valuations for European call options on futures when futures prices follow a 3/4 model, and compare their ability in capturing market prices with those prices formulated under the GBM and Schwartz models. In Section 2, we give the exact solution in the form of an integral for the price of European call option contracts on futures and then an analytic approximation formula valid for short times to expiry. We note that it is such options with short tenor which actually dominate the options markets. The results of empirical tests which compare the performance of our formula with the performance of prices under the GBM and Schwartz models, in their ability to describe market option prices, are presented in Section 3. As well in Section 3, we present the results of delta-hedging simulations and compare the three models' performances with respect to minimising hedging error. In Section 4 we present our conclusion.
Options on Futures Valuation
Assuming that the risk-neutral spot price of oil follows equation (1.1), then the futures price, F , has a zero drift in the risk-neutral world and its process can be approximated for short times to expiry by dF = σF It can be shown then (see e.g Wilmott (1998)) that the partial differential equation (PDE) governing the price of a call option contract on a futures, C (F, t) , with strike price K and expiry T is
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The exact solution to (2.2a-b) can be found using the transition density function of F which is given by
3) (see Goard (2006) ) where I ν (.) is the modified Bessel function of the first kind of order ν (see e.g. Abramowitz & Stegun (1965) ). In this case the exact solution of (2.2a-b) can be found as the present value of the expected payoff under the risk-neutral measure Q i.e.
C(F, t) = e −r(T −t) E
Equation (2.4) involves an integral which would normally need to be solved numerically. In the following result we provide a simple approximate solution to (2.2a-b) valid for short times to expiry and which only involves simple mathematical functions. This would facilitate pricing and calibration of options with short tenor.
Main Result: Given that the futures prices, F , follows the risk-neutral process (2.1), then an approximate solution for a European call option with exercise price K and expiry T , written on the futures contract, valid for short times to expiry is given by
where
Proof. We let τ = T − t so equation (2.2a) can be written as
which needs to be solved subject to the initial condition C(F, 0) = max (F − K, 0) and the boundary conditions C(0, τ ) = 0 and C (F, τ 
For a small time to expiry τ we let τ = ετ where ε is a small parameter 0 < ε ≪ 1, and assume that the solution can be written as a series in ε i.e.
Substituting τ = ετ and (2.7) into (2.6), we get the first two terms of our series as
From equation (2.8) it can be observed that the expansion is continuous, but not differentiable at F = K. This suggests a corner layer at F = K where very fast changes occur in the derivative of the solution, but not in the value of the solution. Solution (2.8) is therefore invalid in this region and is thus termed our "outer" solution. We now analyse the solution in the inner region by introducing a stretching
ε is a well-balanced choice and ensures that the coefficient of the second-order derivative term is not small compared to the other coefficients. Equation (2.6) then becomes
which needs to be solved subject to the initial condition W (x, 0) = max(x, 0) and
and substitute (2.10) into (2.9). Collecting terms of O(1) we thus get an equation for W 0 (x,τ ), namely
to be solved subject to the conditions
√τ which upon substituting in (2.11) yields the reduced equation 2θ 1 ϕ ′′ +zϕ ′ −ϕ = 0 to be solved subject to the boundary conditions ϕ(z) ∼ z as z → +∞ and ϕ(z) → 0 as z → −∞.
The solution to the above problem is easily found to be ϕ(z) = 
and where θ 1 is given in (2.11). Equation (2.13) needs to be solved subject to the conditions W 1 (x, 0) = 0 and W 1 (x,τ ) → 0 as x → ±∞. As W 0 (x,τ ) satisfies (2.11) we find the particular solution a of (2.13) satisfying the given conditions as
From (2.12), (2.14) and (2.10) we get the two-term inner expansion
(2.15) Equation (2.15) is valid in the inner region, while equation (2.8) is valid in the outer region. Now we can match the outer and inner expansions to get the uniform expansion which is uniformly valid in both outer and inner regions. The uniform expansion can be found by combining the outer and inner expansions and then subtracting the common part, i.e. 'outer+inner-common'. In our solution as ε → 0 the outer expansion coincides with the common part, so the inner expansion can be used to approximate the price of call option contracts. Hence, we get the price of a call option contract by undoing the change of variables in (2.15) to get (2.5).
Formula (2.5) can be more useful for pricing European call options with small times to expiry as compared to (2.4) as it involves no integration. For this reason also it is more convenient for calibration purposes.
Accuracy of the analytic approximation formula
To measure the accuracy of our new analytic approximation formula (2.5) we obtained values using this formula and compared them with the corresponding values obtained with the exact formula, equation (2.4), using numerical integration b . We considered T − t = Table 1 . Signed percentage error (SPE) and absolute error (AP) of analytic approximation formulae (2.5) and (2.4). respectively. This suggests that (2.5) provides an excellent approximation to the exact solution for times to expiry up to three months.
Delta-Hedging
As we have an explicit approximate formula for the European call option, we can differentiate it with respect to any of the variables and parameters to derive the 'Greeks'. For example the delta of the call option, i.e. the derivative of the call option value with respect to the futures price F is given by 
Empirical Test
In this section we examine the new analytic approximation formula (2.5) for European call option prices in its ability to capture market prices. In addition, we compare its performance with options prices corresponding to the GBM and Schwartz models. Under the assumption that the risk-neutral futures prices follow the GBM model with zero drift i.e. dF = σF dZ, the price of a European call option contract is given by:
(see Black & Scholes (1973) ), where N (.) is the cumulative distribution function of a standardised normal random variable. Its Delta is given by
Under the assumption that the risk-neutral futures prices follow the Schwartz model with zero drift i.e. dF = σe −η(T −t) F dZ, the price of a European call option contract is given by:
(see Skorodumov (2008) ) and its Delta is given by
Data description and estimation of parameters
The options data used in our empirical test was selected from the New York Mercantile Exchange (NYMEX) and consisted of daily observations of European call option closing prices between the years 2009 and 2012, with the underlying asset being futures contracts for light sweet crude oil. We divided the relevant data into two groups: Group 1 with options of approximately one month (28-35 days) expiries and Group 2 with expiries of approximately two months (59 -61 days). Table  2 presents the standard statistics for the options data used in our empirical test. The parameters in the models to be estimated were σ for all models and η for the Schwartz model. The estimated parameters (for each pricing formula and group) were chosen to provide the 'best' fit to our options data, and we chose to do this as follows:
We defined H i (Ĥ i ) to be the market (estimated) price of the option contract i and e i to be the error in contract i, i.e e i =Ĥ i − H i . Also for each pricing formula we let θ(j) be the parameter vector for group j = 1, 2. We used our data prices 
i . This resulted in the parameter vector θ(j) for each pricing formula and for each group j = 1, 2.
Performance of options models

Comparison of Models
For each group j = 1, 2 the following measures were used to compare errors in the performance of European call options on futures pricing models:
• The sum of squared errors:
• The root mean squared errors:
where q is the number of the parameters in the pricing formula. Table 3 lists the results of our analysis. In particular, we note that within the first group our new analytic approximation formula under the three-quarters model fits the option prices best and has the smallest SSE of approximately 231.91 and RMSE of $0.41 per contract. The Schwartz model had the next smallest SSE of approximately 264.39 although the GBM model had the next smallest RMSE. Comparison of SSE and RMSE values within the second group (with 2 month maturities) agree with the results of the first group, but (as expected) errors increase with time to expiry.
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Examination of Market and Models Prices
From the analysis above, the 3/4 model outperformed the GBM and Schwartz models in describing market prices. Next we examined more closely the differences between the market and model values. For each model and group, we used the estimated parameters that best fit market prices (i.e. the parameters in Table 3 ) to compute model pricesĈ i for each strike price, to then compare with corresponding market prices C i . For each option we calculated the corresponding signed percentage error i.e.
SP E =Ĉ
unsigned percentage error i.e. (3.4) and moneyness M , defined by M = ln
. Note that a positive (negative) M value denotes that the option is in (out)-the-money. Results were grouped into the range of expiries (i.e. Group 1 and Group 2) and the average signed and unsigned percentage errors were calculated for the three groups of moneyness: options with M ∈ [−0.05, 0.05] were denoted by ATM (at-the-money), options with M > 0.05 were denoted by ITM (in-the-money) and options with M < −0.05 were denoted by OTM (out-the-money). These are listed in Table 4 . In particular, we make the following observations from the table: A comparison of
• average SPE indicates that all model prices are on average above market prices for ATM and OTM options in both groups as well as for ITM options in Group 2 (with expiries of two months). This suggests that market demand may have been quite low for such options.
• average UPE shows that the 3/4 model achieved the lowest average UPE in all cases except for ITM options from Group 2, where the GBM and Schwartz models achieved lower errors.
Hence while we concluded in Section 3.2.1 that the 3/4 model performed best in fitting market prices of one and two month options, from a closer examination by grouping into moneyness categories, we see that the 3/4 model performed best in fitting market values for all groups of moneyness and expiries tested, with the exception of ITM options with the larger expiry time of two months.
Delta-Hedging Performance
Delta-hedging is an important risk-management strategy used by many options traders. We now compare the performance of our 3/4 model with the GBM and Schwartz models in minimising hedging error whilst maintaining delta-hedged portfolios. Our data for this experiment consisted of 218 European call option contracts selected from the NYMEX. These contracts were equally divided into two groups (i.e. 109 contracts per group) where Group 1 options had expiries of one month and Group 2 options had expiries of two months. For each contract and model we assumed that the call option was written (i.e sold) and ∆ = ∂C ∂F futures contracts were held, with the hedge adjusted daily. Parameter values were chosen that best fit the model option price to the market price at the start of the simulation. The Delta for the 3/4 model is given in (2.17) and for the GBM and Schwartz models are given in Section 3. For each contract (and model) we compute their absolute hedging error at the option's expiry time as:
whereC is the model call option value at the opening of the contract, F T is the futures price at the expiry of the option contract and X is the cumulative cost of buying/selling the underlying futures. Table 5 lists the results for the absolute hedging errors for the 218 contracts. From Table 5 we see that for both groups the lowest mean absolute hedging error was achieved by the 3/4 model followed by the GBM. The standard deviation of the errors is also smallest with the 3/4 model. Hence the 3/4 model outperformed the other models in reducing the risks associated with delta-hedging the call options with expiries of one and two months.
We also note from Table 5 that all 3 models produce HE with similar distributional properties. For Group 1 the absolute hedging errors have relatively flat distributions while for Group 2, the distributions are more peaked. As expected, all the distributions have asymmetric tails extending towards more positive values. 
Conclusion
Under the 3/4 risk-neutral model (2.1) for futures prices on oil, an exact solution and a simple approximate solution which only involves simple mathematical functions, are found for call options on oil futures. The approximate solution, which is valid for options with short tenor (a popular choice in the market) has been shown to outperform two current popular models, the GBM and Schwartz models, in capturing market prices for options with one and two month expiries. A closer inspection of the different models' performance by moneyness grouping showed that the 3/4 model performed best in all moneyness categories with the exception of ITM options with two month expiries. Further endorsement for the 3/4 model was provided by a delta-hedging experiment which showed that out of the three models tested, the minimum average absolute hedging error was achieved by the 3/4 model. In conclusion the formulae for option prices under the 3/4 model, namely (2.4) and the approximate solution for short-tenored options (2.5) could potentially provide very useful guides to traders.
